Approaches Which Output Infinitely Many Graphs With Small Local
  Antimagic Chromatic Number by Lau, Gee-Choon et al.
ar
X
iv
:2
00
9.
01
99
6v
1 
 [m
ath
.C
O]
  4
 Se
p 2
02
0
Approaches Which Output Infinitely Many Graphs With Small
Local Antimagic Chromatic Number
Gee-Choon Laua,1, Jianxi Lib, Ho-Kuen Ngc, Wai-Chee Shiud,e
aFaculty of Computer & Mathematical Sciences,
Universiti Teknologi MARA (Segamat Campus),
85000, Johor, Malaysia.
geeclau@yahoo.com
bSchool of Mathematics and Statistics, Minnan Normal University,
363000, Fujian, P.R. China
ptjxli@hotmail.com
cDepartment of Mathematics, San Jose´ State University,
San Jose´ CA 95192 USA.
ho-kuen.ng@sjsu.edu
dDepartment of Mathematics, The Chinese University of Hong Kong,
Shatin, Hong Kong.
eCollege of Global Talents, Beijing Institute of Technology,
Zhuhai, China.
wcshiu@associate.hkbu.edu.hk
Abstract
An edge labeling of a connected graph G = (V,E) is said to be local antimagic if it is a bijection
f : E → {1, . . . , |E|} such that for any pair of adjacent vertices x and y, f+(x) 6= f+(y), where the
induced vertex label f+(x) =
∑
f(e), with e ranging over all the edges incident to x. The local
antimagic chromatic number of G, denoted by χla(G), is the minimum number of distinct induced
vertex labels over all local antimagic labelings of G. In this paper, we (i) give a sufficient condition
for a graph with one pendant to have χla ≥ 3. A necessary and sufficient condition for a graph
to have χla = 2 is then obtained; (ii) give a sufficient condition for every circulant graph of even
order to have χla = 3; (iii) construct infinitely many bipartite and tripartite graphs with χla = 3
by transformation of cycles; (iv) apply transformation of cycles to obtain infinitely many one-point
union of regular (possibly circulant) or bi-regular graphs with χla = 2, 3. The work of this paper
suggests many open problems on the local antimagic chromatic number of bipartite and tripartite
graphs.
Keywords: Local antimagic labeling, Local antimagic chromatic number
2010 AMS Subject Classifications: 05C78; 05C69.
1 Introduction
A connected graph G = (V,E) is said to be local antimagic if it admits a local antimagic edge
labeling, i.e., a bijection f : E → {1, . . . , |E|} such that the induced vertex labeling f+ : V → Z given
by f+(x) =
∑
f(e) (with e ranging over all the edges incident to x) has the property that any two
adjacent vertices have distinct induced vertex labels. The number of distinct induced vertex labels
under f is denoted by c(f), and is called the color number of f . The local antimagic chromatic number
of G, denoted by χla(G), is min{c(f) : f is a local antimagic labeling of G} [1]. In this paper, we (i)
1Corresponding author.
1
give a sufficient condition for a graph with one pendant to have χla ≥ 3. A necessary and sufficient
condition for a graph to have χla = 2 is then obtained; (ii) give a sufficient condition for every circulant
graph of even order to have χla = 3; (iii) construct infinitely many bipartite and tripartite graphs
with χla = 3 by transformation of cycles; (iv) apply transformation of cycles to obtain infinitely many
one-point union of regular (possibly circulant) or bi-regular graphs with χla = 2, 3.
Lemma 1.1. [5] Let G be a graph of size q. Suppose there is a local antimagic labeling of G inducing
a 2-coloring of G with colors x and y, where x < y. Let X and Y be the numbers of vertices of colors
x and y, respectively. Then G is a bipartite graph whose sizes of parts are X and Y with X > Y , and
xX = yY = q(q+1)2 .
Lemma 1.1 implies that
Corollary 1.2. Suppose G is a bipartite graph of q edges with bipartition (V1, V2). If χla(G) = 2,
then |V1| 6= |V2| and
(q+1
2
)
is divisible by both |V1| and |V2|.
Note that the converse of this corollary does not hold. Consider the graph G obtained from P7 =
u1u2 · · · u7 by adding edges u1u4 and u2u5. Thus, G has bipartition V1 = {u1, u3, u5, u7} and V2 =
{u2, u4, u6} and q = 8 satisfying the conclusion of Corollary 1.2. If χla(G) = 2, then vertex u7 must
have label 9, which is impossible.
Theorem 1.3. Suppose G is a bipartite graph of even size q and contains one pendant, then χla(G) ≥
3.
Proof: Suppose χla(G) = 2. Let (V1, V2) be a bipartition of G. Then the pendant edge must be
labeled by q. By Lemma 1.1, q|V1| =
q(q+1)
2 , where V1 contains the pendant vertex. It is impossible.

The following theorem gives a necessary and sufficient condition for a graph G to have χla(G) = 2.
Theorem 1.4. A graph G of size q has χla(G) = 2 if and only if G is bipartite with bipartition
(V1, V2) such that (i) G has at most one pendant, and (ii) G admits a local antimagic labeling with
every vertex in V1 has label
(
m+1
2
)
/|V1| and every vertex in V2 has label
(
m+1
2
)
/|V2| that are distinct
integers.
Proof: If χla(G) = 2, Lemma 1.1 implies that G is bipartite with every vertex in V1 has label(m+1
2
)
/|V1| and every vertex in V2 has label
(m+1
2
)
/|V2| that are distinct integers. Clearly, G cannot
have at least 2 pendants, otherwise, χla(G) ≥ 3. Conversely, if G satisfies the given conditions, then
χla(G) ≤ 2. Since χla(G) ≥ χ(G) = 2, the equality holds. 
Lemma 1.5. [5] Suppose G is a d-regular graph of size q. If f is a local antimagic labeling of
G, then g = q + 1 − f is also a local antimagic labeling of G with c(f) = c(g). Moreover, suppose
c(f) = χla(G) and if f(uv) = 1 or f(uv) = q, then χla(G− uv) ≤ χla(G).
Lemma 1.6. [5] Suppose G is a graph of size q and f is a local antimagic labeling of G. For any
x, y ∈ V (G), if
(i) f+(x) = f+(y) implies that deg(x) = deg(y), and
(ii) f+(x) 6= f+(y) implies that (q + 1)(deg(x)− deg(y)) 6= f+(x)− f+(y),
then g = q + 1− f is also a local antimagic labeling of G with c(f) = c(g).
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For t ≥ 2, consider the following conditions for a graph G:
(i) χla(G) = t and f is a local antimagic labeling of G that induces a t-independent partition ∪
t
i=1Vi
of V (G).
(ii) For each x ∈ Vk, 1 ≤ k ≤ t, deg(x) = dk satisfying f
+(x) − da 6= f
+(y) − db, where x ∈ Va and
y ∈ Vb for 1 ≤ a 6= b ≤ t.
Lemma 1.7. [5] Let H be obtained from G with an edge e deleted. If G satisfies Conditions (i) and
(ii) and f(e) = 1, then χ(H) ≤ χla(H) ≤ t.
2 Circulant Graphs
Suppose A is an additive (Abelian) group and S is a set of generators of A. The Cayley (simple
undirected) graph G = Γ(A,S) associated with (A,S) is defined as follows:
1. The vertex set of G is A.
2. The edge set of G is {uv | u− v ∈ S or v − u ∈ S}.
For each a ∈ S, we denote Γa = Γ(A, {a}). Then Γ(A,S) =
⋃
a∈S
Γa. Note that, Γa = Γ−a.
In the section, we focus on some special circulant graphs which are Cayley graphs. So, we fix A =
Zm = {0, 1, . . . ,m − 1}, where m ≥ 3. Let D = {d | 1 ≤ d < ⌈m/2⌉, (d,m) = 1}, where (a, b)
denotes the g.c.d. of a and b. Suppose S = {a0, a1, . . . , at} ⊆ D, where t ≥ 0. If we rename the
vertex vi by va−1
0
i, then Γai
∼= Γa−1
0
ai
for all i ∈ Zm. So, without loss of generality, we may assume
that a0 = 1. The Cayley graph Γ(Zm, S) is a circulant graph and is denoted by Cm(a0, a1, a2, . . . , at).
Thus Γ(Zm, {1}) = Cm, them-cycle and Cm(a0, a1, a2, . . . , at) =
t⋃
i=0
Γai . For each ai, Γai is them-cycle
(0, ai, 2ai, . . . , (m−1)ai), 0 ≤ i ≤ t. Without loss of generality, we may assume that 1 < a1 < · · · < at.
Lemma 2.1. Suppose (a, n) = 1 and ab ≡ 1 (mod n), then Cn(1, a) ∼= Cn(1, b).
Proof: Let g : Zn → Zn be defined by g(i) = ib. Clearly g is an automorphism, since (b, n) = 1.
For any vertex j, the neighborhood of j is N(j) = {j − 1, j + 1, j − a, j + a}. Then g maps N(j) to
{(j − 1)b, (j +1)b, (j − a)b, (j + a)b} = {jb− b, jb+ b, jb− ab, jb+ ab} = {jb− b, jb+ b, jb− 1, jb+1}
which is the neighborhood of jb in Cn(b). Thus g induces an isomorphism from Cn(1, a) onto Cn(1, b).

Since Γb = Γ−b, we have
Corollary 2.2. Suppose (a, n) = 1 and ab ≡ −1 (mod n), then Cn(1, a) ∼= Cn(1, b).
For convenience, we also use v0, v1, . . . , vm−1 instead of the Cm’s vertices 0, 1, . . . ,m− 1, respectively.
Example 2.1. Take n = 16, then we have D = {1, 3, 5, 7}. All C16(1, a1, . . . , at) are C16, C16(1, 3),
C16(1, 5), C16(1, 7), C16(1, 3, 5), C16(1, 3, 7), C16(1, 5, 7), C16(1, 3, 5, 7).
By Lemma 2.1, C16(1, 3) is isomorphic to C16(1, 11) = C16(1, 5). Define φ : Z16 → Z16 by φ(i) = 5i
and ψ : Z16 → Z16 by ψ(i) = 3i. It is easy to check that ψ and φ induce isomorphisms from C16(1, 3, 5)
to C16(1, 3, 7) and C16(1, 5, 7), respectively.
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However, C16(1, 3) 6∼= C16(1, 7). We may consider the spectra of C16(1, 3) and C16(1, 7). One may find
the formula of the spectrum of a circulant matrix from [8]. Let ρ1(x) = x+ x
15, ρ3(x) = x
3 + x13 and
ρ7(x) = x
7 + x9. Let ζ = e2pii/16, then the spectra of C16(3) and C16(7) are
{ρ1(ζ
j) + ρ3(ζ
j) | 0 ≤ j ≤ 15} and {ρ1(ζ
j) + ρ7(ζ
j) | 0 ≤ j ≤ 15},
respectively. Since ρk(ζ
r) = ρk(ζ
−r) for 1 ≤ r ≤ 15, we only list ρ1(ζ
j) + ρ3(ζ
j) and ρ1(ζ
j) + ρ7(ζ
j)
for 0 ≤ j ≤ 8. By direct computation we have
j ρ1(ζ
j) + ρ3(ζ
j)
0 4
1 ζ + ζ3 + ζ−3 + ζ−1
2 ζ2 + ζ6 + ζ−6 + ζ−2
3 ζ3 + ζ7 + ζ−7 + ζ−3
4 0
5 ζ + ζ5 + ζ−5 + ζ−1
6 ζ2 + ζ6 + ζ−6 + ζ−2
7 ζ5 + ζ7 + ζ−7 + ζ−5
8 −4
j ρ1(ζ
j) + ρ7(ζ
j)
0 4
1 ζ + ζ7 + ζ−7 + ζ−1
2 2(ζ2 + ζ−2)
3 ζ3 + ζ5 + ζ−5 + ζ−3
4 0
5 ζ3 + ζ5 + ζ−5 + ζ−3
6 2(ζ6 + ζ−6)
7 ζ + ζ7 + ζ−7 + ζ−1
8 −4
Clearly, they are not the same. So C16(1, 3) and C16(1, 7) are not isomorphic. 
In [1], it was shown that χla(Cm) = 3 for all m ≥ 3. Throughout this paper, we shall refer to the
following local antimagic labeling f for a cycle Cm, denoted C-labeling, whenever necessary:
f(vjvj+1) =
{
(j + 2)/2 for even j,
m− (j − 1)/2 for odd j
so that f+(v0) = ⌊
m
2 ⌋+ 2, f
+(vj) = m+ 1 for odd j, and f
+(vj) = m+ 2 for even j > 0.
Consider an m-cycle (0, a, 2a, . . . , (m − 1)a) = Γa. Now for each i ≥ 0, we label the m-cycle Γa
according to the C-labeling translating by im, that is, vjav(j+1)a is labeled by f(vjvj+1) + im. Now
Γa is labeled by integers in [im+1, (i+1)m]. We denote this labeling by fi. Note that f0 = f . Thus,
f+i (v0) = ⌊
m
2 ⌋+2+2im, f
+
i (vja) = m+1+2im for odd j, and f
+
i (vja) = m+2+2im for even j > 0.
Now we consider the graph Cm(a0, a1, a2, . . . , at). We label each Γai by fi. Combining the labelings
f0, f1, . . . ft we have a labeling g for the whole graph Cm(a0, a1, a2, . . . , at) given by
g(vjaiv(j+1)ai) = f(vjvj+1) + im, 0 ≤ i ≤ t, 0 ≤ j ≤ m− 1.
Example 2.2. Let m = 9 so that D = {1, 2, 4}. Now, Γ1 = (0, 1, 2, 3, 4, 5, 6, 7, 8), the 9-cycle in
natural order, Γ2 = (0, 2, 4, 6, 8, 1, 3, 5, 7) and Γ4 = (0, 4, 8, 3, 7, 2, 6, 1, 5).
Suppose S = {1, 2}. According to the labelings defined above, we have the following vertex labelings:
0 1 2 3 4 5 6 7 8
f+0 6 10 11 10 11 10 11 10 11
f+1 24 28 28 29 29 28 28 29 29
g 30 38 39 39 40 38 39 39 40
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Suppose S = D. According to the labelings defined above, we have the following vertex labelings:
0 1 2 3 4 5 6 7 8
f+0 6 10 11 10 11 10 11 10 11
f+1 24 28 28 29 29 28 28 29 29
f+2 42 46 46 46 46 47 47 47 47
g 72 84 85 85 86 85 86 86 87
Here both g’s are not local antimagic labelings. 
Now let us consider even m, i.e., m = 2n. In this case, all ai are odd. So f
+
i (v0) = n+2+4in, f
+
i (vj) =
2n+1+4in for odd j, and f+i (vj) = 2n+2+4in for even j > 0. Hence g
+(v0) = (t+1)(2nt+n+2),
g+(vj) = (t + 1)(2nt + 2n + 1) for odd j, and g
+(vj) = (t + 1)(2nt + 2n + 2) for even j > 0. Thus,
together with the contrapositive of Lemma 1.1, we have
Theorem 2.3. For 1 < a1 < · · · < at < n and (aj , 2n) = 1, 1 ≤ j ≤ t, χla(C2n(1, a1, . . . , at)) = 3.
Corollary 2.4. For each even r ≥ 2, there are infinitely many r-regular graphs of even order with
local antimagic chromatic number equal 3 but chromatic number equal 2.
Note that each C2n(1, a1, a2, . . . , at) is edge transitive. Thus, all the graphs obtained by deleting one
edge are isomorphic. By Lemmas 1.1 and 1.5, the following is obvious.
Corollary 2.5. The graph C2n(1, a1, a2, . . . , at) with an edge deleted has local antimagic chromatic
number equal 3, where 1 < a1 < · · · < at < n and (aj , 2n) = 1 for 1 ≤ j ≤ t.
Example 2.3. By Theorem 2.3 the local antimagic chromatic number of each graph listed in
Example 2.1 is 3. As an example to illustrate the proof of Theorem 2.3, let us consider C16(1, 3).
Now Γ3 = (0, 3, 6, 9, 12, 15, 2, 5, 8, 11, 14, 1, 4, 7, 10, 13). The corresponding local antimagic labeling of
C16(1, 3) is given in Figure 1. 
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Figure 1: A local antimagic labeling for C16(1, 3) with color number 3.
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Let us use labeling matricesMf (Γ1),Mf1(Γ3),Mf1(Γ7) to represent the labeling for Γ1,Γ3,Γ7 according
to the labeling f and fi defined above, respectively.
Mf (Γ1) =
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 Sum
0 * 1 * * * * * * * * * * * * * 9 10
1 1 * 16 * * * * * * * * * * * * * 17
2 * 16 * 2 * * * * * * * * * * * * 18
3 * * 2 * 15 * * * * * * * * * * * 17
4 * * * 15 * 3 * * * * * * * * * * 18
5 * * * * 3 * 14 * * * * * * * * * 17
6 * * * * * 14 * 4 * * * * * * * * 18
7 * * * * * * 4 * 13 * * * * * * * 17
8 * * * * * * * 13 * 5 * * * * * * 18
9 * * * * * * * * 5 * 12 * * * * * 17
10 * * * * * * * * * 12 * 6 * * * * 18
11 * * * * * * * * * * 6 * 11 * * * 17
12 * * * * * * * * * * * 11 * 7 * * 18
13 * * * * * * * * * * * * 7 * 10 * 17
14 * * * * * * * * * * * * * 10 * 8 18
15 9 * * * * * * * * * * * * * 8 * 17
Mf1(Γ3) =
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 Sum
0 * * * 17 * * * * * * * * * 25 * * 42
1 * * * * 27 * * * * * * * * * 22 * 49
2 * * * * * 20 * * * * * * * * * 30 50
3 17 * * * * * 32 * * * * * * * * * 49
4 * 27 * * * * * 23 * * * * * * * * 50
5 * * 20 * * * * * 29 * * * * * * * 49
6 * * * 32 * * * * * 18 * * * * * * 50
7 * * * * 23 * * * * * 26 * * * * * 49
8 * * * * * 29 * * * * * 21 * * * * 50
9 * * * * * * 18 * * * * * 31 * * * 49
10 * * * * * * * 26 * * * * * 24 * * 50
11 * * * * * * * * 21 * * * * * 28 * 49
12 * * * * * * * * * 31 * * * * * 19 50
13 25 * * * * * * * * * 24 * * * * * 49
14 * 22 * * * * * * * * * 28 * * * * 50
15 * * 30 * * * * * * * * * 19 * * * 49
Mf1(Γ7) =
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 Sum
0 * * * * * * * 17 * 25 * * * * * * 42
1 * * * * * * * * 29 * 20 * * * * * 49
2 * * * * * * * * * 24 * 26 * * * * 50
3 * * * * * * * * * * 30 * 19 * * * 49
4 * * * * * * * * * * * 23 * 27 * * 50
5 * * * * * * * * * * * * 31 * 18 * 49
6 * * * * * * * * * * * * * 22 * 28 50
7 17 * * * * * * * * * * * * * 32 * 49
8 * 29 * * * * * * * * * * * * * 21 50
9 25 * 24 * * * * * * * * * * * * * 49
10 * 20 * 30 * * * * * * * * * * * * 50
11 * * 26 * 23 * * * * * * * * * * * 49
12 * * * 19 * 31 * * * * * * * * * * 50
13 * * * * 27 * 22 * * * * * * * * * 49
14 * * * * * 18 * 32 * * * * * * * * 50
15 * * * * * * 28 * 21 * * * * * * * 49
Note that Mfi(Γj) is the matrix obtained from Mf (Γj) by adding all numerical entries by im. Here,
we do not show the labeling matrices for the labelings f2 and f3.
6
According to the labeling g for C16(1, 3) defined above, the labeling matrix isMg(C16(1, 3)) =Mf (Γ1)+
Mf1(Γ3), where ∗ is treated as 0:
Mg(C16(1, 3)) =
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 Sum
0 * 1 * 17 * * * * * * * * * 25 * 9 52
1 1 * 16 * 27 * * * * * * * * * 22 * 66
2 * 16 * 2 * 20 * * * * * * * * * 30 68
3 17 * 2 * 15 * 32 * * * * * * * * * 66
4 * 27 * 15 * 3 * 23 * * * * * * * * 68
5 * * 20 * 3 * 14 * 29 * * * * * * * 66
6 * * * 32 * 14 * 4 * 18 * * * * * * 68
7 * * * * 23 * 4 * 13 * 26 * * * * * 66
8 * * * * * 29 * 13 * 5 * 21 * * * * 68
9 * * * * * * 18 * 5 * 12 * 31 * * * 66
10 * * * * * * * 26 * 12 * 6 * 24 * * 68
11 * * * * * * * * 21 * 6 * 11 * 28 * 66
12 * * * * * * * * * 31 * 11 * 7 * 19 68
13 25 * * * * * * * * * 24 * 7 * 10 * 66
14 * 22 * * * * * * * * * 28 * 10 * 8 68
15 9 * 30 * * * * * * * * * 19 * 8 * 66
Also Mg(C16(1, 7)) =Mf (Γ1) +Mf1(Γ7) which is
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 Sum
0 * 1 * * * * * 17 * 25 * * * * * 9 52
1 1 * 16 * * * * * 29 * 20 * * * * * 66
2 * 16 * 2 * * * * * 24 * 26 * * * * 68
3 * * 2 * 15 * * * * * 30 * 19 * * * 66
4 * * * 15 * 3 * * * * * 23 * 27 * * 68
5 * * * * 3 * 14 * * * * * 31 * 18 * 66
6 * * * * * 14 * 4 * * * * * 22 * 28 68
7 17 * * * * * 4 * 13 * * * * * 32 * 66
8 * 29 * * * * * 13 * 5 * * * * * 21 68
9 25 * 24 * * * * * 5 * 12 * * * * * 66
10 * 20 * 30 * * * * * 12 * 6 * * * * 68
11 * * 26 * 23 * * * * * 6 * 11 * * * 66
12 * * * 19 * 31 * * * * * 11 * 7 * * 68
13 * * * * 27 * 22 * * * * * 7 * 10 * 66
14 * * * * * 18 * 32 * * * * * 10 * 8 68
15 9 * * * * * 28 * 21 * * * * * 8 * 66
Similarly, we have
Mg(C16(1, 3, 7)) = Mf (Γ1) +Mf1(Γ3) +Mf2(Γ7). One may choose Mf (Γ1) +Mf2(Γ3) +Mf1(Γ7) or
other combination.
Mg(C16(1, 3, 5, 7)) =Mf (Γ1) +Mf1(Γ3) +Mf2(Γ5) +Mf3(Γ7). We do not show the matrices here. 
Remark 2.1. Suppose a is not a generator of a finite Abelian group A. We can still define a graph
Γa with vertex set A and the edge set {uv | u− v = a or v− u = a}. The graph Γa is a disjoint union
of cycles. Precisely, let H be the cyclic group generated by a of order n. Then A is the union of its
cosets, namely
s⋃
i=1
(ai +H) for some ai ∈ A, where s is the index of the subgroup H of A. Each coset
ai + H = {ai, ai + a, . . . , ai + (n − 1)a} corresponds an n-cycle (ai, ai + a, . . . , ai + (n − 1)a) = Λai .
Then Γa =
s∑
i=1
Λai .
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3 Transformation of Cycles
We now give ways to transform an n-cycle Cn = v0v1v2 · · · vn−1v0 that has a C-labeling f into a bipar-
tite or a tripartite graph with χla = 3, where n ≥ 8. Let A = {vi | i is even} and B = {vi | i is odd}.
Suppose n = 4m. We obtain a partition of A (denoted A ) and of B (denoted B) such that each
block in A and in B is of size 2. For two distinct vertices vi and vj (i < j) in each block of A ∪ B,
we merge them to get a new vertex denoted by vi,j so that the graph obtained is a 4-regular (not
necessarily simple) graph, denoted by G2m(A ,B) (or G2m if no ambiguity). Clearly G2m is bipartite.
We preserve the labeling f of C4m to G2m. Thus, for 0 ≤ i < j ≤ 4m− 1,
f+(vi,j) =


6m+ 4 for i = 0;
8m+ 4 for i 6= 0 and even;
8m+ 2 for i odd.
Hence, by Lemma 1.1, we have
Lemma 3.1. For m ≥ 2 and keeping all notation defined above, χla(G2m(A ,B)) = 3.
Suppose n = 4m+2. Let C = {v0, v2m+1} and let A and B be partitions of A\{v0} and B \{v2m+1},
respectively, such that each block in A and in B is of size 2. For two distinct vertices vi and vj (i < j)
in each block of A ∪ B ∪ C , we merge them to get a new vertex denoted by vi,j so that the graph
obtained is a 4-regular (not necessarily simple) graph, denoted by G12m+1(A ,B,C ) (or G
1
2m+1 if no
ambiguity). Clearly G12m+1 is tripartite. We preserve the labeling f of C4m+2 to G
1
2m+1. Thus, for
0 ≤ i < j ≤ 4m+ 1,
f+(vi,j) =


6m+ 6 for i = 0, j = 2m+ 1;
8m+ 8 for i 6= 0 and even;
8m+ 6 for i odd.
Suppose n = 4m + 1. Let C = {v0} and let A and B be partitions of A \ {v0} and B, respectively,
such that each block in A and in B is of size 2. For two distinct vertices vi and vj (i < j) in each
block of A ∪ B, we merge them to get a new vertex denoted by vi,j so that the graph obtained is a
(not necessarily simple) graph that has a vertex of degree 2 and each other vertex of degree 4, denoted
by G22m+1(A ,B,C ) (or G
2
2m+1 if no ambiguity). Clearly G
2
2m+1 is tripartite. We preserve the labeling
f of C4m+1 to G
2
2m+1. Thus, f
+(v0) = 2m+ 2 and for 1 ≤ i < j ≤ 4m,
f+(vi,j) =
{
8m+ 6 for i even;
8m+ 4 for i odd.
Suppose n = 4m+3. Let C = {v0, vm+1, v3m+2} and let A and B be partitions of A\{v0, vm+1, v3m+2}
and B \ {vm+1, v3m+2}, respectively, such that each block in A and in B is of size 2. Note that
m + 1 6≡ 3m + 2 (mod 2). Merge the 3 vertices in C to get a degree 6 vertex z. For two distinct
vertices vi and vj (i < j) in each block of A ∪ B, we merge them to get a new vertex denoted
by vi,j so that the graph obtained is a (not necessarily simple) graph that has a vertex of degree 6
and each other vertex of degree 4, denoted by G32m+1(A ,B,C ) (or G
3
2m+1 if no ambiguity). Clearly
G32m+1 is tripartite. We preserve the labeling f of C4m+3 to G
3
2m+1. Thus, f
+(z) = 10m + 12, for
i, j ∈ [1, 4m+ 2] \ {m+ 1, 3m + 2} and for 1 ≤ i < j ≤ 4m+ 2,
f+(vi,j) =
{
8m+ 10 for i even;
8m+ 8 for i odd.
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Since χ(Gs2m+1) = 3 for s = 1, 2, 3, we also have
Lemma 3.2. For m ≥ 2 and keeping all notation defined above, χla(G
s
2m+1(A ,B,C )) = 3.
If we define A and B suitably, we may obtain a circulant graph.
Case (1). Consider n = 8k, k ≥ 2. Let A = {(v2i, v4k+2i) | i ∈ [0, 2k − 1]} and
B = {(v2j+1, v2k+2j+1) | j ∈ [0, k− 1]∪ [2k, 3k − 1]}. In G4k, we rewrite the vertex v2i,4k+2i by u2i for
i ∈ [0, 2k − 1]; v2j+1,2k+2j+1 by u2j+1 for j ∈ [0, k − 1] and by u2j−2k+1 for j ∈ [2k, 3k − 1]. Thus, the
vertex set of G4k is {ui | i ∈ [0, 4k − 1]}.
Now we are going to look at the neighbors of vertex in G4k. First, consider u2j , j ∈ [0, 2k − 1].
• j = 0. The neighbors of v0 in C8k are v1 and v8k−1, and those of v4k are v4k+1 and v4k−1. So,
the neighbors of u0 = v0,4k in G4k are v1,2k+1 = u1, v6k−1,8k−1 = u4k−1, v4k+1,6k+1 = u2k+1 and
v2k−1,4k−1 = u2k−1.
• j ∈ [1, k − 1], the neighbors of v2j in C8k are v2j±1 and those of v4k+2i are v4k+2i±1. So
the neighbors of u2j = v2j,4k+2j in G4k are v2j+1,2k+2j+1 = u2j+1, v2j−1,2k+2j−1 = u2j−1,
v4k+2j+1,6k+2j+1 = u2k+2j+1 and v4k+2j−1,6k+2j−1 = u2k+2j−1.
• j = k. The neighbors of v2k in C8k are v2k±1 and those of v6k are v6k±1. So the neighbors of
u2k = v2k,6k in G4k are v1,2k+1 = u1, v2k−1,4k−1 = u2k−1, v4k+1,6k+1 = u2k+1 and v6k−1,8k−1 =
u4k−1.
• j ∈ [k + 1, 2k − 1], the neighbors of v2j in C8k are v2j±1 = v2k+2(j−k)±1 and those of v4k+2j are
v4k+2j±1 = v2k+2(k+j)±1. So the neighbors of u2j = v2j,4k+2j in G4k are v2(j−k)+1,2k+2(j−k)+1 =
u2j−2k+1, v2(j−k)−1,2k+2(j−k)−1 = u2j−2k−1, v2(k+j)+1,2k+2(k+j)+1 = u2j+1 and
v2(k+j)−1,2k+2(k+j)−1 = u2j−1.
Next, consider u2i+1, i ∈ [0, 2k − 1].
• i ∈ [0, k−1], the neighbors of v2i+1 in C8k are v2i+2 and v2i, and those of v2k+2i+1 are v2k+2i+2 and
v2k+2i. So the neighbors of u2i+1 = v2i+1,2k+2i+1 in G4k are v2i+2,4k+2i+2 = u2i+2, v2i,4k+2i = u2i,
v2k+2i+2,6k+2i+2 = u2k+2i+2 and v2k+2i,6k+2i = u2k+2i.
• i ∈ [k, 2k − 2], the neighbors of v2k+2i+1 in C8k are v2k+2i+2 and v2k+2i, and those of v4k+2i+1
are v4k+2i+2 and v4k+2i. So the neighbors of the vertex u2i+1 = v2k+2i+1,4k+2i+1 in G4k are
v2k+2i+2,6k+2i+2 = u2k+2i+2, v2k+2i,6k+2i = u2k+2i, v2i+2,4k+2i+2 = u2i+2 and v2i,4k+2i = u2i.
• i = 2k− 1, the neighbors of v6k−1 in C8k are v6k and v6k−2, and those of v8k−1 are v0 and v8k−2.
So the neighbors of the vertex u4k−1 = v6k−1,8k−1 in G4k are v2k,6k = u2k, v2k−2,6k−2 = u2k−2,
v0,4k = u0 and v4k−2,8k−2 = u4k−2.
Since −2k ≡ 2k (mod 4k), we get that
Proposition 3.3. G4k(A ,B) ∼= C4k(1, 2k − 1), where A are B are defined above.
We now show that when n is sufficiently large, we may repeat the above method to obtain 2s-regular
graphs that are also circulant. Suppose n = 22s−1(t + 2), t ≥ 0 and s ≥ 2. Let [a, b]e (respectively
[a, b]d) denote the set of consecutive evens (respectively odds) from a to b.
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(a) Divide the n/2 = 22s−2(t+2) evens in [0, n−2]e into 2
2s−2 groups of consecutive evens of equal size,
which is t+2, to get a1 = [0, 2t+2]e, a2 = [2t+4, 4t+6]e, . . . , a22s−2−1 = [n− 4t− 8, n− 2t− 6]e,
a22s−2 = [n − 2t − 4, n − 2]e. Write each ak as a column. Suppose S is a matrix and c ∈ Z.
For convenience, let S ⊕ c be the matrix obtained from S by adding each entry by c. So, ai =
a1 ⊕ (i− 1)(2t + 4), 1 ≤ i ≤ 2
2s−2.
For iteration 1, take the first 4 groups and form a block matrix A1 =
(
a1 a3
a2 a4
)
. Actually, A1 is
a (2t+ 4)× 2 matrix.
For iteration i ≥ 2, repeat with next 22i−2 groups below in the same order of the first 22i−2 groups
and next 22i−1 groups to the right in the same order of the first 22i−1 groups, using a total of 22i
groups. The resulting matrix is denoted by Ai. In other word,
Ai =
(
Ai−1 Ai−1 ⊕ 2× 2
2i−2(2t+ 4)
Ai−1 ⊕ 2
2i−2(2t+ 4) Ai−1 ⊕ 3× 2
2i−2(2t+ 4)
)
.
After s− 1 ≥ 1 iteration(s), all the 22s−2 groups are occupied. Hence we get a 2s−1(t+ 2)× 2s−1
array A.
(b) Divide the 22s−2(t+2) odds in [1, n−1]d into 2
2s−2 groups of consecutive odds of equal size, which
is t + 2, to get b1 = [1, 2t + 3]d, b2 = [2t + 5, 4t + 7]d, . . . , b22s−2−1 = [n − 4t − 7, n − 2t − 5]d,
b22s−2 = [n − 2t − 3, n − 1]d. Write each bk as a row. By using the same format as Ai (change
a to b, A to B), after s − 1 ≥ 1 iteration(s), all the 22s−2 groups are occupied. Hence we get a
2s−1 × 2s−1(t+ 2) array B. Actually, B1 is a 2× (2t+ 4) matrix.
(c) For a fixed t, we define a square matrix Ms−1 of order 2
s−1(t+2) as follows. Let the (1, 2s−1(t+2))-
entry of Ms−1 be 1. If row x in A and column y in B has a pair of consecutive integers, then we
define the (x, y)-entry of Ms−1 by 1, otherwise 0.
We now have the following observations.
(O1). When s = 2. We get that M1 is
1 3 · · · · · · 2t+ 1 2t + 3 4t+ 9 4t+ 11 · · · · · · 6t+ 9 6t + 11
2t+ 5 2t+ 7 · · · · · · 4t+ 5 4t + 7 6t+ 13 6t+ 15 · · · · · · 8t+ 13 8t + 15
0 4t + 8 1 0 · · · · · · 0 1 1 0 · · · · · · 0 1
2 4t+ 10 1 1 0 · · · 0 0 1 1 0 · · · 0 0
...
... 0
. . .
. . .
. . .
. . .
... 0
. . .
. . .
. . .
. . .
...
..
.
..
.
..
.
. . .
. . .
. . .
. . .
..
.
..
.
. . .
. . .
. . .
. . .
..
.
2t 6t + 8 0 0
. . .
. . . 1 0 0 0
. . .
. . . 1 0
2t + 2 6t+ 10 0 0 · · · 0 1 1 0 0 · · · 0 1 1
2t + 4 6t+ 12 1 0 · · · · · · 0 1 1 0 · · · · · · 0 1
2t + 6 6t+ 14 1 1 0 · · · 0 0 1 1 0 · · · 0 0
..
.
..
. 0
. . .
. . .
. . .
. . .
..
. 0
. . .
. . .
. . .
. . .
..
.
...
...
...
. . .
. . .
. . .
. . .
...
...
. . .
. . .
. . .
. . .
...
4t + 4 8t+ 12 0 0
. . .
. . . 1 0 0 0
. . .
. . . 1 0
4t + 6 8t+ 14 0 0 · · · 0 1 1 0 0 · · · 0 1 1
.
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Clearly the above matrix is circulant. For convenience, we let R be the submatrix of M1 gen-
erated by the first t+ 2 rows and the first t+ 2 columns. Hence, M1 is a 2× 2 block matrix of
the following form:
M1 =
(
R R
R R
)
.
(O2). Suppose i ≥ 2. For convenience we denote 22i−2(2t+ 4) by m.
Here Ai =
(
Ai−1 Ai−1 ⊕ 2m
Ai−1 ⊕m Ai−1 ⊕ 3m
)
and Bi =
(
Bi−1 Bi−1 ⊕ 2m
Bi−1 ⊕m Bi−1 ⊕ 3m
)
. We partition Mi
into 4 submatrices as follows:
Bi−1 Bi−1 ⊕ 2m
Bi−1 ⊕m Bi−1 ⊕ 3m
Ai−1 Ai−1 ⊕ 2m N1 N3
Ai−1 ⊕m Ai−1 ⊕ 3m N2 N4
. (3.1)
It is easy to see that all entries of Ai−1 ⊕ 2m are greater than those of Bi−1. Moreover, the
smallest entry of Ai−1 ⊕ 2m is greater than the largest entry of Bi−1 ⊕m by 1. This pair of
numbers corresponds to the top-rightmost entry of N1. So N1 = Mi−1.
Next Ai−1 ⊕ 2m and Bi−1 ⊕ 2m are the translation of Ai−1 and Bi−1 by 2m. Under our
construction we will define the top-rightmost entry of N3 by 1. Thus N3 = Mi−1.
Similarly, Ai−1 ⊕m and Bi−1 ⊕m are the translation of Ai−1 and Bi−1 by m. Moreover, the
smallest entry of Ai−1 ⊕m is greater than the largest entry of Bi−1 by 1. Thus the pattern of
N2 = Mi−1.
Similarly again, Ai−1⊕3m and Bi−1⊕3m are the translation of Ai−1 and Bi−1 by 3m. Moreover,
the smallest entry of Ai−1 ⊕ 3m is greater than the largest entry of Bi−1 ⊕ 2m by 1. Thus the
pattern of N4 = Mi−1.
Thus Mi is a 2
i × 2i block matrix whose entries are R. Clearly it is circulant.
(O3). We rename the rows and the columns of Ms−1 by u0, u2, . . . , u2s(t+2)−2 and u1, u3, . . . ,
u2s(t+2)−1 in order. By our construction,
(
⋆ Ms−1
M Ts−1 ⋆
)
is the adjacency matrix of
C2s(t+2)(1, 2t + 3, 2t + 5, 4t + 7, . . . , 1 + (2
s−2 − 1)(2t + 4), 2t + 3 + (2s−2 − 1)(2t + 4)) with
vertex set {ui | 0 ≤ i ≤ 2
s(t+ 2)− 1}, where s ≥ 2.
(O4). Let us define a labeling matrix M for the graph corresponding to Ms−1. If row x in A and
column y in B has a pair of consecutive integers say, p and q, then we define the (x, y)-entry of
M by
mx,y =
{
p/2 + 1 if p = q − 1
n− p/2 + 1 if p = q + 1
=
{
(q − 1)/2 + 1 if q = p+ 1
n− (q − 1)/2 if q = p− 1.
Moreover definem1,2s−1(t+2) = 2
2s−2(t+2)+1 = n/2+1 (this is in accordance to the C-labeling
of Cn) and mx,y = ∗ for other ordered pairs (x, y).
For each even number p ∈ [0, n − 2], there is an odd number q = p + 1. Thus [0, 22s−2(t + 2)]
are assigned to some entries of M . Also, for each even number p ∈ [2, n − 1], there is an odd
number q = p− 1. Thus [22s−2(t+2)+2, 22s−1(t+2)] are assigned to some entries of M . Since
m1,2s−1(t+2) = 2
2s−2(t+2)+ 1, all labels in [1, 22s−1(t+2)] are assigned. Clearly that there are
22s−1(t+ 2) 1’s is Ms−1. So the labeling is bijective.
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(O5). We want to show by induction that if row x in A and column y in B has a pair of consecutive
integers say, p and q, then there is a y′ 6= y such that row x in A and column y′ in B has a
pair of consecutive integers p and q′, except the pairs (row 1 in A, column 1 in B) and (row 1
in A, column 2s−1(t + 2) in B). Let Ra denote the submatrix by taking the first a rows and
the first a columns of M .
It is easy to see (the adjacent 1’s in M1) that all rows in R2(t+2) has the above property except
row t+3 in A. In row t+3 of A and column 1 of B, there is a pair p = 2t+4 and q = 2t+5. We
can find that, in row t+3 of A and column t+2 of B, there is a pair p = 2t+4 and q′ = 2t+3.
Next, in row t + 3 of A and column t + 3 of B, there is a pair p = 6t + 12 and q = 6t + 13.
We can find that, in row t + 3 of A and column 2t + 4 of B, there is a pair p = 6t + 12 and
q′ = 6t+ 11.
Suppose R2i−1(t+2) has the above property, for i ≥ 2. By the same argument in (O2), we get the
R2i(t+2) also has the above property. By induction, we obtain that M has the above property.
Similarly, we can also obtain that if row x in A and column y in B has a pair of consecutive
integers say, p and q, then there is an x′ 6= x such that row x′ in A and column y in B has a
pair of consecutive integers p and q′.
By the property above, we have that, each column sum of M is 2s−1(n + 1), each row sum of
M is 2s−1(n+ 2) except the first row sum. Since m1,1 = 1 and m1,2s−1(t+2) = n/2 + 1, the first
row sum of M is 2s−1(n+2)−n/2. Thus, M corresponds a local antimagic labeling with color
number 3.
So we have
Theorem 3.4. Suppose s ≥ 2, t ≥ 0. We have
χlaC2s(t+2)(1, 2t + 3, . . . , 1 + (2
s−2 − 1)(2t+ 4), 2t + 3 + (2s−2 − 1)(2t + 4)) = 3.
Note that for n = 16, the new graph obtained by the above method is K4,4 ∼= C8(1, 3). Although
Theorem 3.4 is a special case of Theorem 2.3, the approach of obtaining this theorem is required in
Section 4.
Example 3.1. For n = 128, s = 3, t = 2, the labeling matrix M is given below.
C32(1, 7, 9, 15)
1 3 5 7 17 19 21 23 65 67 69 71 81 83 85 87
9 11 13 15 25 27 29 31 73 75 77 79 89 91 93 95
33 35 37 39 49 51 53 55 97 99 101 103 113 115 117 119
41 43 45 47 57 59 61 63 105 107 109 111 121 123 125 127 Sum
0 16 64 80 1 * * 121 9 * * 97 33 * * 89 41 * * 65 456
2 18 66 82 128 2 * * 120 10 * * 96 34 * * 88 42 * ∗ 520
4 20 68 84 * 127 3 * * 119 11 * * 95 35 * * 87 43 ∗ 520
6 22 70 86 * * 126 4 * * 118 12 * * 94 36 * * 86 44 520
8 24 72 88 5 * * 125 13 * * 117 37 * * 93 45 * * 85 520
10 26 74 90 124 6 * * 116 14 * * 92 38 * * 84 46 * ∗ 520
12 28 76 92 * 123 7 * * 115 15 * * 91 39 * * 83 47 ∗ 520
14 30 78 94 * * 122 8 * * 114 16 * * 90 40 * * 82 48 520
32 48 96 112 17 * * 105 25 * * 113 49 * * 73 57 * * 81 520
34 50 98 114 112 18 * * 104 26 * * 80 50 * * 72 58 * ∗ 520
36 52 100 116 * 111 19 * * 103 27 * * 79 51 * * 71 59 ∗ 520
38 54 102 118 * * 110 20 * * 102 28 * * 78 52 * * 70 60 520
40 56 104 120 21 * * 109 29 * * 101 53 * * 77 61 * * 69 520
42 58 106 122 108 22 * * 100 30 * * 76 54 * * 68 62 * ∗ 520
44 60 108 124 * 107 23 * * 99 31 * * 75 55 * * 67 63 ∗ 520
46 62 110 126 * * 106 24 * * 98 32 * * 74 56 * * 66 64 520
Sum 516 516 516 516 516 516 516 516 516 516 516 516 516 516 516 516
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In what follows, let G− e denotes the graph G with an edge e delete.
Case (2). Consider n = 8k + 4, k ≥ 2. Using A = {(v2i, v4k+2i+2) | i ∈ [0, 2k]} and B =
{(v2j+1, v2k+2j+3) | j ∈ [0, k]} ∪ {(v4k+2j+5, v6k+2j+5) | j ∈ [0, k − 1]}, we obtain a 4-regular bipartite
graph, denoted G4k+2(A ,B). Note that when k = 1 we will get a non-simple graph of order 6. We
preserve the labeling f of C8k+4 to G4k+2(A ,B). Thus, for 0 ≤ i < j ≤ 4m+ 1,
f+(vi,j) =


12k + 10 for i = 0;
16k + 12 for i even;
16k + 10 for i odd.
By Lemma 1.1, we conclude that χla(G4k+2(A ,B)) = 3. It is straightforward to check the conditions
of Lemma 1.5. Together with Lemma 1.1, we conclude that χla(G4k+2(A ,B)− e) = 3 if e is the edge
that receives label 1 or n. [Not sure if both resulting graphs are isomorphic.]
Case (3). Consider n = 8k + 2, k ≥ 2. Using A = {(v2i, v4k+2i) | i ∈ [1, 2k]},
B = {(v2j+1, v4k+2j+3) | j ∈ [0, 2k − 1]} and C = {(0, 4k + 1)}, we obtain a 4-regular graph with
vertices v2,4k+2, v1,4k+3, v0,4k+1 form an induced K3 subgraph, denoted G
1
4k+1(A ,B,C ). Preserving
the labeling of C8k+2 to G
1
4k+1(A ,B,C ), this new graph has 2k vertices given by A with induced
label 16k + 8, 2k vertices given by B with induced label 16k + 6 and the vertex given by C has
induced label 12k + 6. Thus, χla(G
1
4k+1(A ,B,C )) = 3. It is straightforward to check the conditions
of Lemma 1.5. Note that G14k+1(A ,B,C ) − e is tripartite if e is the edge that receives label 1 or n.
Thus, we conclude that χla(G
1
4k+1(A ,B,C )− e) = 3.
Case (4). Consider n = 8k + 6, k ≥ 2. Using A = {(v2i, v4k+2+2i) | i ∈ [1, 2k + 1]}, B =
{(v2j+1, v6k+5+2j) | j ∈ [0, k]} ∪ {(v2k+3+2j , v4k+5+2j) | j ∈ [0, k − 1]} and C = {v0, v4k+3}, we ob-
tain a 4-regular graph with vertices v2,4k+2, v1,6k+5, v0,4k+3 form an induced K3 subgraph, denoted
G14k+3(A ,B,C ). Preserving the labeling of C8k+6 to G
1
4k+1(A ,B,C ), this new graph has 2k vertices
given by A with induced label 16k + 16, 2k vertices given by B with induced label 16k + 14 and the
vertex given by C has induced label 12k + 12. Thus, χla(G
1
4k+3(A ,B,C )) = 3. Similar to Case (3),
we conclude that χla(G
1
4k+3(A ,B,C )− e) = 3 if e is the edge that receives label 1 or n.
Case (5). Consider n = 8k + 1, k ≥ 2. Using A = {(v2i, v4k+2i) | i ∈ [1, 2k]},
B = {(v2j+1, v2k+2j+1) | j ∈ [0, k−1]}∪{(v4k+2j+1, v6k+2j+1) | j ∈ [0, k−1]} and C = {v0}, we obtain
a tripartite graph denoted G24k+1(A ,B,C ). Preserving the labeling of C8k+1 to G
2
4k+1(A ,B,C ), this
new graph has 2k vertices given by A with induced label 16k+6, 2k vertices given by B with induced
label 16k + 4 and the vertex given by C has induced label 4k + 2. Thus, χla(G
2
4k+1(A ,B,C )) = 3.
Observe that if e is the edge that receives label 1, then G24k+1(A ,B,C )−e is a bipartite graph with one
pendant having 8k edges and partite sets of sizes 2k and 2k+1. By Theorem 1.3, χla(G
2
4k+1(A ,B,C )−
e) ≥ 3. By Lemma 1.7, χla(G
2
4k+1(A ,B,C )−e) ≤ 3. Thus, equality holds. Suppose e is the edge that
receives label n, then G24k+1(A ,B,C )− e is a tripartite graph. By Lemmas 1.6 and 1.7, we conclude
that χla(G
2
4k+1(A ,B,C )− e) = 3.
Case (6). Consider n = 8k + 5, k ≥ 2. Using A = {(v2i, v4k+2+2i) | i ∈ [1, 2k + 1]}, B =
{(v2j+1, v6k+3+2j) | j ∈ [0, k]} ∪ {(v2k+3+2j , v4k+3+2j) | j ∈ [0, k − 1]} and C = {v0)}, we obtain
a tripartite graph denoted G24k+3(A ,B,C ). Preserving the labeling of C8k+5 to G
2
4k+3(A ,B,C ),
this new graph has 2k + 1 vertices given by A with induced label 16k + 14, 2k + 1 vertices given
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by B with induced label 16k + 12 and the vertex given by C has induced label 4k + 4. Thus,
χla(G
2
4k+3(A ,B,C )) = 3. Similar to Case (5), we conclude that χla(G
2
4k+3(A ,B,C )− e) = 3 if e is
the edge that receives label 1 or n.
Case (7). Consider n = 8k + 3, k ≥ 2. Using A = {(v2i, v4k+2i) | i ∈ [1, k]} ∪ {(v2k+2i, v6k+2+2i) |
i ∈ [1, k]}, B = {(v2j+1, v8k+1−2j) | j ∈ [0, k − 1]} ∪ {(v2k+3+2j , v4k+3+2j) | j ∈ [0, k − 1]} and C =
{v0, v2k+1, v6k+2)}, merge the 3 vertices in C , we obtain a tripartite graph denoted G
3
4k+1(A ,B,C ).
Preserving the labeling of C8k+3 to G
3
4k+1(A ,B,C ), this new graph has 2k vertices given by A
with induced label 16k + 10, 2k vertices given by B with induced label 16k + 8 and the degree
6 vertex v0,2k+1,6k+2 has induced label 20k + 12. Thus, χla(G
3
4k+1(A ,B,C )) = 3. Observe that
G34k+1(A ,B,C ) − e is a tripartite graph if e is the edge that receives label 1 or n. By Lemmas 1.6
and 1.7, we conclude that χla(G
3
4k+1(A ,B,C )− e) = 3.
Case (8). n = 8k+7, k ≥ 2. Using A = {(v2i, v4k+4+2i) | i ∈ [1, k]}∪{(v2k+2+2i, v6k+4+2i) | i ∈ [1, k+
1]}, B = {(v4j+1, v4k+3+2j) | j ∈ [0, k]}∪{(v4j+3, v6k+7+2j) | j ∈ [0, k−1]} and C = {v0, v2k+2, v6k+5)},
merge the 3 vertices in C , we obtain a tripartite graph denoted G34k+3(A ,B,C ). Preserving the
labeling of C8k+7 to G
3
4k+3(A ,B,C ), this new graph has 2k vertices given by A with induced label
16k + 18, 2k vertices given by B with induced label 16k + 16 and the degree 6 vertex v0,2k+2,6k+5
has induced label 20k + 22. Thus, χla(G
3
4k+3(A ,B,C )) = 3. Similar to Case (7), we conclude that
χla(G
3
4k+3(A ,B,C )− e) = 3 if e is the edge that receives label 1 or n.
Theorem 3.5. For k ≥ 2, if e is the edge of G that receives label 1 or n, and
G ∈ {G4k+2(A ,B), G
1
4k+1(A ,B,C ), G
1
4k+3(A ,B,C ), G
2
4k+1(A ,B,C ),
G24k+3(A ,B,C ), G
3
4k+1(A ,B,C ), G
3
4k+3(A ,B,C )},
then χla(G) = χla(G− e) = 3.
4 Transformation of One-point Union of Cycles
For r ≥ 2 and a1 ≥ a2 ≥ · · · ≥ ar ≥ 3, denote by U(a1, a2, . . . , ar) the one-point union of r distinct
cycles of order a1, a2, . . . , ar respectively. Note that U(a1, a2, . . . , ar) has m = a1 + · · ·+ ar ≥ 6 edges
and m− r+1 vertices. We shall denote the vertex of maximum degree by u, called the central vertex,
and the 2r edges incident to u are called the central edges. For convenience, let a[m] denote a sequence
of length m in which all items are a, where m ≥ 2. In [6, Theorem 2.5], the authors completely
characterized the local antimagic chromatic number of one-point union of cycles.
Theorem 4.1. Suppose G = U(a1, a2, . . . , ar). Then χla(G) = 2 if and only if
G = U((4r− 2)[r−1], 2r− 2), r ≥ 3 or G = U((2r)[
r−1
2
], (2r− 2)[
r+1
2
]), r is odd. Otherwise, χla(G) = 3.
In this section, we provide an approach to transform a given U(a1, a2, . . . , ar) into a one-point union
of regular bipartite graphs (or bipartite and tripartite graphs) that admits a local antimagic labeling
with χla = 2 (or 3).
4.1 χla(U(a1, a2, . . . , ar)) = 2
First, we consider G = U((4r − 2)[r−1], 2r − 2), r ≥ 3. Suppose r ≡ 1 or 5 (mod 8), r ≥ 9. Note
that G contains an even number of cycles C4r−2 and a C2r−2. Moreover, in the proof of [6, Theorem
2.4], the local antimagic 2-labeling assigns the edges of the i-th copy of C4r−2 by i, 4r
2 − 4r + 1− i,
2r − 1 + i, 4r2 − 6r + 2− i, 4r − 2 + i, 4r2 − 8r + 3− i, . . ., 4r2 − 6r + 2 + i, 2r − 1− i consecutively
(for 1 ≤ i ≤ r− 1) beginning and ending with the two central edges. The edges of the C2r−2 are then
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assigned 2r − 1, 4r2 − 6r + 2, 4r − 2, 4r2 − 8r + 3, 6r − 3, 4r2 − 10r + 4, . . ., 2r2 − 3r + 1, 2r2 − r
consecutively beginning and ending with the two central edges. Note that the central edge labels sum
is 4r2 − 2r while every degree 2 vertex has label 4r2 − 4r + 1 and 4r2 − 2r alternately.
For s ≥ 2, we shall obtain infinitely many one-point union of 2s-regular graphs (some of which may
not be circulant graphs) that has χla = 2 using the local antimagic labeling obtained in Theorem 4.1.
The transformation is done according to the following steps.
(1) For each (i, j) = (1, 2), (3, 4), . . . , (r − 2, r − 1), we perform the following steps:
(1-1) Begin with the i-th copy of C4r−2, denoted C
j/2, together with the consecutive edge labels
i, 4r2− 4r+1− i, 2r− 1+ i, 4r2− 6r+2− i, 4r− 2+ i, 4r2− 8r+3− i, . . ., 4r2− 6r+2+ i,
2r − 1− i.
(1-2) Choose an integer aj/2 < 2r − 1 such that (aj/2, 4r − 2) = 1. We add the edges vkvk+aj/2
joining the vertices of Cj/2 for 0 ≤ k ≤ 4r − 3 with the indices taken modulo (4r − 2) to
form another cycle v0vaj/2v2aj/2 · · · v(4r−3)aj/2v0 of order 4r − 2.
(1-3) Label the edges of v0vaj/2v2aj/2 · · · v(4r−3)aj/2v0 by j, 4r
2−4r+1−j, 2r−1+j, 4r2−6r+2−j,
4r − 2 + j, 4r2 − 8r + 3− j, . . ., 4r2 − 6r + 2 + j, 2r − 1− j consecutively. This gives us an
edge labeled C4r−2(1, aj/2). Note that for j 6= j
′, aj/2 and aj′/2 may be equal.
(2) Consider the C2r−2 with consecutive edge labels 2r− 1, 4r
2 − 6r+2, 4r− 2, 4r2 − 8r+ 3, 6r− 3,
4r2 − 10r + 4, . . ., 2r2 − 3r + 1, 2r2 − r. Since 2r − 2 ≡ 0 (mod 8), we now transform C2r−2
according to steps in Section 3 (that give the graph G2m in Lemma 3.1, or the graph in Case (1))
to obtain a simple graph of order r−1, denoted Gr−1, which may or may not be a circulant graph.
(3) Identify the vertex v0 of each of the
r−1
2 copies of C4r−2(1, ah), h = 1, 2, . . . ,
r−1
2 , and the vertex
with subscript 0, say x, of Gr−1 and name this merged vertex by v0. Denote the new graph
obtained by G((4r − 2)[
r−1
2
], r − 1).
(4) Label the vertices with their incident edge labels sum.
We have the following observations.
(O1) The graph C4r−2(1, aj/2) has v0 with label 2(2r − 1) while vertices v1 to v4r−3 have labels
2(4r2 − 4r + 1) and 2(4r2 − 2r) alternately.
(O2) The graph Gr−1 has x with label (2r − 1) + (2r
2 − r) + (4r2 − 2r) = 6r2 − r − 1 while other
consecutive vertices have labels 2(4r2 − 4r + 1) and 2(4r2 − 2r) alternately.
(O3) In G((4r−2)[
r−1
2
], r−1), vertex v0 and all other vertices of even distance away have vertex label
2(4r2 − 2r) while the remaining vertices have label 2(4r2 − 4r + 1).
Consequently, we have obtained a one-point union of r−12 + 1 copies of 4-regular bipartite graphs
(possibly with exactly one copy is non-circulant) with χla = 2.
Remark 4.1. As observed in Section 3 Case (1), if r = 22s−2(t + 2) + 1, t ≥ 0, we can transform
the cycle C2r−2 repeatedly to obtain a labeled 2
s-regular bipartite circulant for s ≥ 3. Consequently,
we shall also take 2s−1(t+ 2) groups of 2s−1 copies of C4r−2 and form a 2
s-regular bipartite circulant
according to the approach in Section 2. This new graph will have a vertex z of degree 2r − 2 + 2s
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and all other vertices of degree 2s. Note that all the original central edge labels are now adjacent to
z to still have total sum of 4r2 − 2r while the other 2s edge labels adjacent to z (necessarily from the
C2r−2) contributed a total sum of (2
s−1 − 1)(4r2 − 2r). So, vertex z and all other vertices of even
distance away have label 2s−1(4r2 − 2r) while the remaining vertices have label 2s−1(4r2 − 4r + 1).
Thus, the above approach allows us to obtain many non-isomorphic bipartite graphs, each of which is
a one-point union of 2s-regular bipartite circulants, with χla = 2.
Remark 4.2. For r ≡ 3, 7 (mod 8), 2r − 2 ≡ 4 (mod 8). Similar to Step (1), we transform every
pair of the r − 1 copies of C4r−2 to a C2r−1(1, ah) for h = 1, 2, . . . , (r − 1)/2, 1 < ah < 2r − 1 and
(ah, 4r− 2) = 1. Similar to Step (2), we transform the C2r−2 according to Section 3 Case (2). Finally,
by approaches similar to Steps (3) and (4), we obtain various one-point union of (r − 1)/2 copies of
4-regular bipartite circulants of order 2r−1 and a 4-regular bipartite graph of order r−1 with χla = 2.
The vertex x of degree 2r + 2 and all vertices of even distance away have label 2(4r2 − 2r) while the
remaining vertices have label 2(4r2 − 4r + 1).
Example 4.1. For r ≡ 1, 5 (mod 8), we can have U(130[32], 64) with r = 33. If s = 2, we get
a one-point union of 16 copies of 4-regular circulants C130(1, ah) (1 < ah < 65 with (ah, 130) = 1
for h = 1, 2, . . . , 16) and a 4-regular circulant C32(1, 15). If s = 3, we get a one-point union of 8
copies of 8-regular circulants C130(1, ai, aj , ak) (ai, aj and ak are distinct with 1 < ai, aj , ak < 65 and
(ai, 130) = (aj , 130) = (ak, 130) = 1) and an 8-regular circulant C16(1, 3, 5, 7) = K8,8. The resulting
graph is of local antimagic chromatic number 2.
For r ≡ 3, 7 (mod 8), we can have U(58[14], 28) with r = 15, 1 < ah < 29 and (ah, 58) = 1 to get a
one-point union of 7 copies of 4-regular circulants C58(1, ah) and a 4-regular bipartite graphs of order
14. The resulting graph is of local antimagic chromatic number 2. 
Next, consider U((2r)[
r−1
2
], (2r − 2)[
r+1
2
]), r odd. In the proof of [6, Theorem 2.4], the local antimagic
2-labeling assigns the edges of the i-th copy (1 ≤ i ≤ (r − 1)/2) of C2r by i, 2r
2 − r − i, 2r + i,
2r2 − 3r − i, 4r + i, 2r2 − 5r − i, . . ., r2 − r + i, r2 − i, . . ., 2r2 − 6r − i, 5r − i, 2r2 − 4r + i, 3r − i,
2r2 − 2r + i, r − i, while the edges of the k-th copy (k = (r + 1)/2 + j, 0 ≤ j ≤ (r − 1)/2) of C2r−2
are assigned r + j, 2r2 − 2r − j, 3r + j, 2r2 − 4r − j, 5r + j, 2r2 − 6r − j, . . ., r2 + r − j, r2 + j, . . .,
2r2 − 7r + j, 6r − j, 2r2 − 5r + j, 4r − j, 2r2 − 3r + j, 2r − j. Note that the central edge labels sum
is 2r2 + r while every degree 2 vertex has label 2r2 − r and 2r2 + r alternately.
Suppose r ≡ 1, 5 (mod 8), r ≥ 9. We shall apply Step (1) (in Subsection 4.1) to the r−12 copies of
C2r to obtain
r−1
4 copies of bipartite circulants, namely C2r(1, ah) (1 < ah < r with (ah, 2r) = 1 for
h = 1, 2, . . . , (r − 1)/4). For the r−12 copies of C2r−2, we also apply Step (1) to obtain
r−1
4 copies of
bipartite circulants, namely C2r−2(1, bh) (1 < bh < r−1 with (bh, 2r−2) = 1 for h = 1, 2, . . . , (r−1)/4).
Next, we apply Step (2) to the remaining copy of C2r−2 to obtain a 4-regular graph Gr−1. Finally,
apply Steps (3) and (4). Now, vertex x and all other vertices of even distance away have label 2(2r2+r)
while all other vertices have label 2(2r2−r). Thus, we have obtained various one-point union of r−12 +1
copies of 4-regular bipartite graphs (possibly with exactly one copy is non-circulant) with χla = 2.
Remark 4.3. Similar to Remark 4.1, if r = 22s−2(t + 2) + 1, t ≥ 0, we can transform a cycle
C2r−2 repeatedly to obtained a labeled 2
s-regular bipartite circulant for s ≥ 2. Consequently, we
shall also take 2s−2(t + 2) groups of 2s−1 copies of C2r and remaining C2r−2 and form a 2
s-regular
bipartite circulant according to the approach in Section 2. This new graph also has a vertex z of
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degree 2r− 2+2s and all other vertices of degree 2s. Moreover, vertex z and all other vertices of even
distance away have label 2s−1(2r2+ r) while all other vertices have label 2s−1(2r2− r). Consequently,
we obtain various non-isomorphic bipartite graphs, each of which is a one-point union of 2s-regular
bipartite circulant graphs, with χla = 2.
Remark 4.4. Similar to Remark 4.2, when r ≡ 3, 7 (mod 8), we can obtain various one-point union
of (r − 1)/4 copies of 4-regular bipartite circulants of order r, (r − 1)/4 copies of 4-regular bipartite
circulants of order r − 1 and a 4-regular bipartite graph of order r − 1 with χla = 2. The vertex x
of degree 2r + 2 and all all other vertices of even distance away have label 2(2r2 + r) while all other
vertices have label 2(2r2 − r).
Example 4.2. Using U(34[8], 32[9]) with r = 17, s = 2, we get a one-point union of 4 copies
of C34(1, ah), 4 copies of C32(1, ah′) (ah, ah′ ∈ {3, 5, 7, 11, 13, 15}) and a copy of 4-regular circulant
C16(1, 7). The resulting graph is of local antimagic chromatic number 2. 
Consider G = U((4r−2)[r−1], 2r−2) for r ≡ 0 (mod 2), r ≥ 8. Since 4r−2 ≡ 6 (mod 8), we transform
each copy of C4r−2 as in Section 3 Case (4) to get a 4-regular tripartite graph. If 2r−2 ≡ 2 (mod 8), we
transform C2r−2 as in Section 3 Case (3) to get a 4-regular tripartite graph. If 2r−2 ≡ 6 (mod 8), we
also transform C2r−2 as in Section 3 Case (4) to get a 4-regular tripartite graph. Merging all the ver-
tices with 0 in its subscript, we obtain a one-point union of 4-regular tripartite graphs that has χla = 3.
Finally, suppose U((2r)[(r−1)/2], (2r − 2)[(r+1)/2]) for r ≡ 3, 7 (mod 8), r ≥ 9. Since 2r ≡ 6 (mod 8),
we transform each C2r as in Section 3 Case (4) to get a 4-regular tripartite graph. Since 2r − 2 ≡ 4
(mod 8), we transform each C2r−2 as in Section 3 Case (2) to get a 4-regular bipartite graph. Merging
all the vertices with 0 in its subscript, we obtain a one-point union of 4-regular bipartite and tripartite
graphs that has χla = 3.
Our next remark is for all graphs above including those 3-partite graphs in the 2 paragraphs above.
Remark 4.5. For each graph G obtained above, if f(e) = 1 or n, then Theorem 1.4, Lemmas 1.6
and 1.7 together imply that χla(G− e) = 3.
4.2 χla(U(a1, a2, . . . , ar)) = 3
We only consider ai ≥ 16 for each i, 1 ≤ i ≤ r and r ≥ 2. Denote the consecutive edges of subgraph
Cai by esi+1, esi+2, . . . , esi+ai such that s1 = 0, si = a1 + a2 + · · · + ai−1 for i ≥ 2. Moreover, for
i ≥ 1, esi+1 and esi+ai are the central edges of Cai . In the proof of [6, Theorem 2.4], a required local
antimagic 3-labeling is given by f : E(G)→ [1,m] (m =
∑r
i=1 ai ≥ 32) such that
(1) f(ei) = i/2 for even i,
(2) f(ei) = m− (i− 1)/2 for odd i
with the degree 2r vertex u and every two adjacent degree 2 vertices have labels m + 1 and m
respectively. Moreover, f+(u) ≥ f(e1) + [f(ea1) + f(ea1+1)] + f(em) ≥ m+m+m/2 ≥ 2m+ 16.
Consider the following two possibilities.
(a) Each ai ≡ 0, 4 (mod 8). Without loss of generality, let G = U((8k)
[n1], (8k + 4)[n2]) for k ≥ 2
and r = n1 + n2 ≥ 2 and m = 8kr + 4n2. We now transform each C8k and C8k+4 according
17
to Section 2 Cases (1) or (2) accordingly by preserving the labeling f above to get a one-point
union of bipartite graphs. Thus, this graph has a degree 4r vertex with label > 2m+16 and each
other degree 4 vertex has label 2m+ 2 and 2m alternately. Therefore, the resulting graph H is a
bipartite graph with χla(H) ≤ 3. Note that H has bipartition (V1, V2) with |V1| = 2kr + n2 and
|V2| = 2kr+n2−r+1. Observe that
m
|V2|
= 4+ 4(r−1)2kr+n2−r+1 , not an integer if k ≥ 3. Suppose k = 2,
then m|V2| = 5 +
r−n2+5
3r+n2−1
, also not an integer. By Theorem 1.4, χla(H) 6= 2. Thus, χla(H) = 3.
(b) At least one of ai 6≡ 0, 4 (mod 8). We now transform each of Cai according to Section 2 Cases
(1) to (8) accordingly by preserving the labeling f above to get a one-point union of tripartite
(and possibly bipartite) graphs. The unique vertex that is incident to all the central edges has
degree at least 2r with label greater than 2m+16 and each other adjacent degree 4 vertices have
labels 2m + 2 and 2m, respectively. Therefore, the resulting graph H is a tripartite graph with
χla(H) = 3.
Remark 4.6. Note that each graph in Part (a) with an edge deleted is bipartite with size m =
8kr + 4n2 − 1 and a partite set of size 2kr + n2. Since (8k4 + 4n2 − 1)/(2kr + n2) is not an integer,
by Theorem 1.4, the graph obtained has χla ≥ 3. By Lemmas 1.6 and 1.7, each graph G in Part (a)
has χla(G− e) = 3 if f(e) = 1 or n. Moreover, by Lemmas 1.6 and 1.7, each graph G in Part (b) also
has χla(G− e) = 3 if f(e) = 1 or n.
Theorem 4.2. There are infinitely many one-point union of regular graphs (possibly one copy is not
circulant) with χla = 2.
Theorem 4.3. There are infinitely many one-point union 4-regular bipartite (possibly with tripartite)
graphs (with at most one edge deleted) having χla = 3.
5 Concluding Remarks and Open Problems
In this paper, we first give a sufficient condition for a graph with one pendant with χla ≥ 3. A
necessary and sufficient condition for a graph to have χla = 2 is thus obtained. We then obtained
infinitely many bipartite circulants with χla = 3.
Question 5.1. What is the local antimagic chromatic number of C2n(a0, a1, . . . , at) if all aj are odd
but not each of them is coprime with 2n?
Question 5.2. What is the local antimagic chromatic number of Cm(1, a1, . . . , at) when m is odd?
By transforming an n-cycle, n ≥ 16, we obtained infinitely many bipartite and tripartite graphs with
χla = 2, 3. Only eight different transformations are given. However, as n becomes arbitrarily large, it
is likely that there are many different transformation of cycles that would give infinitely many bipartite
and tripartite graphs with χla = 3. Let G be the set of all the graphs that can be obtained through
all possible transformations of cycles.
Problem 5.1. Determine the local antimagic chromatic number of all the graphs in G .
Applying the transformation of cycles to one-point union of cycles, we then obtained infinitely many
one-point union of regular bipartite graphs (possibly with all except one non-circulant) with χla = 2
and infinitely many one-point union of tripartite (possibly with bipartite) graphs with χla = 3. Note
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that all the published results on 2-connected bipartite graphs have χla = 2 or 3. Moreover, all the
published results on tripartite graphs with at most one pendant have χla = 3 or 4 (see [1, 3–6]).
Problem 5.2. Characterize biparite graphs with χla = 2 or 3.
Problem 5.3. Characterize tripartite graphs with χla = 3 or 4.
Question 5.3. Does there exist a bipartite or a tripartite graph with relatively small number of
pendants to have arbitrarily large local antimagic chromatic number?
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